The quantity theory of money remains a cornerstone of modern macroeconomics that provides a benchmark for the long-run behaviour of macroeconomic models. The direct empirical evidence for it is, however, less conclusive than suggested by scatterplots and the exaggerated correlations between money growth and inflation that can be found in the macroeconomic literature. Copulas with upper tail dependence show a considerably weaker relationship between money growth and inflation than Pearson's r. Even so, the quantity theory will continue to be part of macroeconomics because economics as a science is driven both by observation and by the inherent structure of the accumulated body of economic theory.
1
Most macroeconomists agree that the quantity theory of money holds in the long-run in the modern monetary system with fiat money that emerged after the breakdown of the Bretton Woods system in 1971. The empirical evidence for this long-run relationship is, however, less conclusive than suggested by scatterplots between money growth and inflation that can be found in the macroeconomic literature. In this article copulas are used to model the statistical relationship between money growth and inflation. It is found that Pearson's correlation coefficient is misleading because the relationship between money growth and inflation is non-elliptical. Rank-based correlation coefficients, which are related to copulas, show a weaker association between money growth and inflation. But this does not mean that the quantity theory should be abandoned, because the development of economics as a science is driven both by empirical evidence and by the inherent structure of the accumulated body of economic theory.
Scatterplots provide a convenient graphical tool illustrating the long-run relationship between money growth and inflation. Figure 1 shows a scatterplot between the annual average growth rate of the money stock M1 and the inflation rate for 144 countries for time periods that are determined by the availability of data. Moving along the vertical axis, Ukraine, Peru, Brazil and Bolivia experienced average annual inflation rates between 100 and 400 percent and Zimbabwe hit 2401 percent. The data points of all five countries lie fairly close to the solid line that runs through the origin with slope one. This suggests an equiproportional relationship between money growth and inflation as proposed by the quantity theory. Figure 2 magnifies the indistinguishable mass of observations in the lower left corner of Figure 1 , excluding the five countries whose currencies suffered the most extreme loss of purchasing power. A positive relationship between money growth and inflation also shows up at low to moderate inflation rates, although most observations lie below the 45-degree line. In most countries money growth exceeded inflation because economic growth increases money demand, permitting some non-inflationary monetary expansion. In Ukraine, Peru and Bolivia inflation exceeded money growth because the inflation tax on money holdings reduces money demand. 1
The Data
This study uses a new dataset that includes the annual average growth rate of the money stock M1 for 144 countries since the collapse of Bretton Woods in 1971. The money stock M1 is used because that definition of money stresses its medium of exchange function, which is central to the quantity theory. 2 To be included a country must be a sovereign nation with a national currency that provides the primary means of payment in domestic transactions. This excludes members of monetary unions, countries where a foreign currency provides the dominant medium of exchange, and -except for Hong Kongdependent territories. The Euro replaced national currencies when the third and final stage of European monetary unification was implemented on January 1, 1999. Afterwards, the dataset includes the Euro, while the former national currencies are considered until 1998 or -for late adopters -until they joined the Eurozone. Similarly, the members of the West African Economic and Monetary Union, the Central African Economic and Monetary Community and the Eastern Caribbean Monetary Union do not operate domestic currencies but union-level data are available for the West African franc and the East Caribbean dollar.
Only countries with more than 100,000 people are considered, excluding many island nations. This cut-off was adopted because micro-countries commonly rely on foreign currencies. Zimbabwe is included until the dollarization of its monetary system in 2009. The inflation rate is the average annual growth rate of the consumer price index, except for a small number of countries where the GDP deflator is used. For a country to be included at least 10 years of overlapping data for M1 money growth and inflation must be available since the emergence of the modern monetary system in 1971. 3
Correlation
The Pearson correlation coefficient requires that the joint probability distribution of two random variables is elliptical. Figure 3 shows the contour lines of an elliptical bivariate distribution and Figure 4 provides a non-elliptical distribution with upper tail dependence.
The Gaussian (normal) distribution and the t-distribution are elliptical. As can be seen in Figures 1 and 2 , hyperinflations are associated with extreme money growth rates. Clearly, the relationship between money growth and inflation is non-elliptical, exhibiting strong upper tail dependence. Using all 144 countries, Pearson's correlation coefficient between money growth and inflation is 0.996 (Table 1) . This matches the correlation reported by Barro (1997, p. 239) at two digits and it is close to the value of 0.96 that is implied by the R 2 of the linear regression of inflation on money growth in Fischer et al. (2002, Table 6 , col. 1). Walsh (2017, pp. 1-2) mentioned several studies that show correlations between money Pearson's r close to 1. 4 (3) As is usually the case, Spearman's rho exceeds Kendall's tau. In this study, Kendall's tau will be used because it is more robust 5 and, as will be seen, it is related to the Gumbel copula.
Copulas
A copula is a multivariate probability distribution with uniform marginal distributions.
There are many types of copulas including, among others, the Gaussian copula that is based on the normal distribution and the Gumbel copula that features upper tail dependence.
Copulas separate the dependence structure of jointly distributed random variables from their marginal distributions. This makes it possible to model the dependence structure and the marginal distributions separately. In his paper three copula models of the stochastic relationship between money growth and inflation are estimated: a Gaussian copula, a Gumbel copula and a survival (reflected) Clayton copula.
An elementary proposition for probability distributions holds that the values F(x) of a univariate cumulative distribution function (CDF) are always uniformly distributed, whatever the distribution of the random variable X. 6 Sklar's Theorem (1959) applies this property of CDFs to the univariate marginal CDFs of a multivariate distribution. The theorem states that every CDF F(x 1 , x 2 , … x d ) can be written as a copula C using the uniformly distributed values 4 There exists an extensive literature on hyperinflations. In an influential study, Cagan (1956) investigates the hyperinflations in Germany and some eastern European countries after World War I. 5 See Croux, C. and Dehon, C. (2010) . 6 Let Z = F(x), then Z has the uniform distribution on [0,1]. This proposition is known as the probability integral transform because moving from the PDF to the CDF requires integration. See Rice (1995, p. 60, Proposition C) . 
Here, the x i are realizations of the random vector (X 1 … X d ) and the u i are those realizations transformed by the marginal distributions, u i = F i (x i ). Note that the arguments u i of the copula CDF C are uniformly distributed on the interval [0,1], whereas each argument
Copulas make it possible to model a multivariate distribution F in two steps that separate the dependence structure among variables from their marginal distributions. First, the marginal CDFs are determined either by fitting some probability distributions or by taking the empirical marginal distributions. In this paper the latter approach is being taken, using the empirical marginal CDFs of the bivariate distribution of money growth and inflation. Second, the parameters of the copula C are estimated by maximum likelihood using realizations of the random vector
The marginal CDFs F i transform the observed realizations x i into so-called pseudoobservations u i that are used as inputs in the copula. Since the F i are monotonically increasing, these transformations do not affect the rank or ordering of observations from the lowest to the highest value. As only the rank of observations matters, the pseudoobservations are ordinal variables whose statistical properties can be analysed using nonparametric methods.
Empirical Marginal Distributions of Money Growth and Inflation
The empirical CDF of a univariate random variable is determined by the rank of its realizations j in ascending order. 8 Thus, the pseudo-observation j of variable i is at each observed value of x i . The figures are drawn for the countries with less than 100 percent inflation because including the five countries with the most extreme inflation rates again renders the graphs unreadable. As can be seen, both the average annual money growth rate and inflation rate exhibit a strong positive skew even without including the five countries with extreme inflation rates. For the entire dataset, the skewness of the annual money growth rate is 11.2 and that of the inflation rate is 10.8. 8 See Rice (1995, pp. 346-348) . 9 See McNeil et al. (2015, p. 270) .
Copulas of Money Growth and Inflation
In this section, two types of copulas are used to model the stochastic relationship between money growth and inflation: a Gaussian copula and a Gumbel copula with upper tail dependence. The Gaussian copula, which is parametrized by Pearson's r, can only be represented by an integral, whereas the Gumbel copula has the closed-form expression 10
An increase in the parameter  strengthens the association between the random variables X 1 and X 2 . For  = 1, the variables are independent and the Gumbel copula becomes the independence copula, ( 1 , 2 ; 1) = 1 2 .
The Gumbel copula exhibits upper tail dependence, which is the conditional probability of one variable to be high, given that the other variable is high; it is therefore bounded by 0 and 1. The upper tail dependence is
The following equation relates Kendall's tau to the copula parameter : 11
This shows that  = 0 for the independence copula, and → 1 as → ∞. But note that = 0 is only a necessary condition for no association between two random variables. It also follows that Kendall's tau can be used to calibrate the Gumbel copula, provided ≥ 0.
Simply compute tau for the given data and then solve Equation 6 method is convenient if one is not interested in the value of the likelihood function to compare models or the marginal distributions whose inverses = −1 ( ) are needed in simulations of the random variables X i .
Turning first to the Gaussian copula, the estimates of Pearson's r are 0.77 for the countries with less than 100 percent inflation and 0.79 if the high-inflation countries are included ( Table 2 ). These estimates are more realistic than the exaggerated values in Table 1 . It is also noteworthy that the estimates do not much depend on the small number of countries with extreme inflation rates. The reason for this is that in Table 1 Pearson's r is based on the original observations that confound the correlation between money growth and inflation with the highly skewed distributions of each variable, whereas in Table 2 the copula captures the ordinal association between the pseudo-observations of money growth and inflation that is unaffected by the extreme skewness of the original observations.
Still, the Gaussian copula is ill-suited for modelling the statistical relationship between money growth and inflation. In Table 2 , both the Akaike (AIC) and the Bayesian information criterion (BIC), which are commonly used to discriminate between copulas, are much more negative for the Gumbel copula than the Gaussian one. Using 143 countries, the AIC for the Gaussian copula is -131.31 and that for the Gumbel copula is -151.04, while the corresponding BIC values are -128.35 and -148.08. Similarly, the AIC and BIC for the other two datasets are much more negative for the Gumbel copula. Therefore, the value of the likelihood function of the Gumbel copula strongly exceeds that of the Gaussian one.
The -parameter of the estimated Gumbel copula ranges from 2.30 to 2.54 for the three datasets and the corresponding Kendall's tau lie between 0.57 and 0.61. As the reader can verify, Equation 6 holds for the estimated values of  and tau in Table 2 . The Gumbel copula picks up the upper tail dependence between money growth and inflation after separating out the extreme skewness of both variables. Therefore,  U is not much affected by the high-inflation countries, rising from 0.65 to 0.69 if they are included. Also note that the estimated Gumbel copula produces values for Kendall's tau close to the empirical values in Table 1 , which are based on the original data. This indicates that the Gumbel copula provides an adequate model for the joint distribution of money growth and inflation. Figures 9 and 10 visualize the ordinal association between money growth and inflation using the estimated Gumbel copula. The scatterplot in Figure 9 shows the association between the pseudo-observations u 1 and u 2 of money growth and inflation, with the extreme skewness of the original data being separated out. Similarly, the empirical density function in Figure 10 is plotted with the ordinal pseudo-observations u 1 and u 2 on the lower axes. The scatterplot shows an accumulation of observations in the upper right corner and the density plot confirms that high money growth is associated with high inflation even after correcting for the extreme skewness of the original data.
Are There Other Suitable Copulas?
Surely, the Gumbel copula is better suited for modelling the relationship between money growth and inflation than the Gaussian copula, but are there still other copulas that may be even better than the Gumbel copula? This warrants a short digression. Bivariate copulas can easily be extended to more variables. But the problem is that a copula that captures a bivariate relationship may not adequately accommodate a third variable. For example, adding national income or output to the Gumbel model of money growth and inflation would be inappropriate because there is no positive relationship between either money growth or inflation and output growth. 12 For this reason, a multivariate relationship is usually modelled by first estimating the bivariate copulas among all variables and then combining them in a so-called vine copula. Now, the R package "VineCopula" (Nagler et al., 2019 ) provides a convenient command that evaluates 40 commonly used copulas as candidates for each bivariate relationship in a vine copula. 13 By default the copula with the most negative AIC statistic is selected. Here, R is used to find the copula with the lowest AIC for the relationship between money growth and inflation.
It turns out that the survival Clayton copula has the lowest AIC if all countries are considered and also if Zimbabwe is excluded, making it the preferred copula for those two datasets. But the Gumbel copula remains the favoured model for the countries with less than 100 percent inflation. Like the Gumbel copula, the survival Clayton copula is a oneparameter copula with upper tail dependence. 14 Table 3 shows the output for the survival Clayton copula for 143 and 144 countries without repeating the output for the Gumbel 12 See Walsh (2017, pp. 6-7) for research on the relationship between money growth and output growth, and inflation and output growth. 13 R command BiCopSelect() in the R Package "VineCopula". 14 See Joe (2014, ch. 4; 1997, ch. 5.2) .
copula for 139 countries that can be found in Table 2 . The estimated copula parameter  is 2.61 for 143 countries and 2.78 for 144 countries. The AIC of the survival Clayton copula is -153.07 and -163.34, which is somewhat more negative than for the Gumbel copula in Table 2 . The upper tail dependence  U of 0.77 and 0.78 exceeds the corresponding values in Table 2 , indicating that the survival Clayton copula is well suited to capture strong upper tail dependence. 15 Thus, searching over 40 commonly used copulas yields two models for the relationship between money growth and inflation that both exhibit upper tail dependence.
The Gumbel copula provides a better fit for countries with less than 100 percent inflation, whereas the survival Clayton copula is more apt when all countries are considered. The Quantity Theory of Money
The quantity theory of money remains a cornerstone of modern macroeconomics that provides a benchmark for the long-run behaviour of macroeconomic models. The direct empirical evidence for it is, however, less conclusive than suggested by scatterplots and the exaggerated Pearson's r between average annual money growth and inflation that can be found in the macroeconomic literature. This paper highlights the pitfalls of Pearson's r when the joint distribution between two random variables is non-elliptical. It is shown that a 15 The upper tail dependence of the survival Clayton copula is  U = 2 -1/ . copula with upper tail dependence provides a better statistical model for the long-run relationship between money growth and inflation than a Gaussian copula that is parameterized by Person's r. The models are implemented by purging the skewness from the marginal PDFs of money growth and inflation and using ordinal pseudo-observations to estimate the copula. The copula-estimated Kendall's tau, which lie between 0.57 and 0.61 (Tables 2 and 3) , indicate a considerably weaker association between money growth and inflation than suggested by Pearson's r. The small number of high-inflation countries has only a minor effect on the copulas and Kendall's tau because they are both based on the ordinal association between money growth and inflation.
These empirical findings do the quantity theory no favours but they do not mean that it should be discarded. Leading economic theorists tend to be sceptical about the relevance of empirical research in the evolution of economic theory. In his renowned Foundations of Economic Analysis, Paul Samuelson (1947, p. 117 ) wondered how much economic theory would have changed if consumer theory were found to be empirically untrue and then answered, "I suspect, very little." Expressing the same doubts about empirical research, Jurg Niehans (1993) proposed that economic as a science was mostly driven forward by the desire to overcome logical flaws in existing theory: lack of precision, inconsistency and lack of generality. This also applies to the quantity theory, which underwent an inexorable process of enhancement and refinement over time. proposing that an unexpected increase in money would lead to an equiproportional increase in prices in the long-run, with the price-specie flow mechanism accounting for movements in prices, output and the balance of payments in the short-run. In the nineteenth century, many authors wrote on the adjustment process that would take place after an increase in the money stock. In the early twentieth century, algebraic formulations of the quantity theory enhanced its rigour. Drawing upon the literary exposition by John The emergence of marginalism, however, posed a challenge to the quantity theory.
Léon Walras's (1834 Walras's ( -1910 attempt to generalize utility theory to the determination of the price level, which can be found in the final edition of The Elements of Pure Economics, is now largely forgotten and Paul Samuelson's (1947, pp. 117 -120) related effort to extend consumer theory to money demand met the same fate. But Don Patinkin's (1965) book, which put forward the utility theory of money in Chapters 5 and 6, became a popular reading in graduate economics programs; and Miguel Sidrauski (1967) , who also included money holdings in the utility function, achieved a breakthrough in his research on the consumption-saving decision that became a stepping stone for macroeconomics in the last quarter of the twentieth century.
So, it is only fairly recently that macroeconomists extended utility maximization to dynamic macroeconomic models with microeconomic foundations. A prerequisite for this analytical innovation was that in the second half of the twentieth century, economists had become knowledgeable in the use of the tools of dynamic mathematical analysis, including Economics is unlike the natural sciences because it is driven both by observation and by the inherent structure of the accumulated body of economic theory that constitutes mainstream economics. On that account, the quantity theory of money will continue to be part of mainstream economics as long as people will hold a meaningful amount of fiat 
